Carnegie Mellon

Floating Point
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Today’s Instructor:
Phil Gibbons
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Today: Floating Point

m Background: Fractional binary numbers
m |[EEE floating point standard: Definition
m Example and properties

m Rounding, addition, multiplication

m Floating pointin C

m Summary
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55+ #5% (Scientific Notation) 57 &3

Example:
mantissa () exponent(i5. 75%7)
~ /
6.02 x 102
/ N~
decimal point radix (base, )

° Normalized form (HgLHER) M RBIRE—NIE0H
° Bl 1MEZHERRIERN. §: xTF#% 1/1,000,000,000
* Normalized (FE—HIMEHLFER): 1.0 x 10-°
« Unnormalized (FEFAGLEZAME—) : 0.1 x 108, 10.0 x 10-10

for Binary Numbers:

mantissa ()~ exponent (75#¢)
0.101,,, X 2 {‘/
binary point 2

REMNEHMIER TG, RARF—NZLSE () S£H0)
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Fractional binary numbers

= What is 1011.101,?
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Fractional Binary Numbers

2i

2i-1

4
‘ 2
— 1

bi |bi1| eee | b2 | b1 bolb-l ba|ba|ees | b

1/2 — |
1/4 o 06 o
1/8
m Representation 2]
= Bits to right of “binary point” represent fractional powers of 2
= Represents rational number: -
P Z bk X 2k
k=—j
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Fractional Binary Numbers: Examples

m Value Representation
53/4 =23/4 101.11- =4+1+1/2 +1/4
27/8 =23/8 10.111> =2+1/2 +1/4+1/8
17/16 =23/16 1.0111> =1+1/4+1/8+1/16

m Observations
= Divide by 2 by shifting right (unsigned)
= Multiply by 2 by shifting left
= Numbers of form 0.111111...> are just below 1.0
= 1/2+1/4+1/8+...+1/21+... > 1.0
= Use notation 1.0—¢
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Representable Numbers
m Limitation #1

® Can only exactly represent numbers of the form x/2k
= Other rational numbers have repeating bit representations

= Value Representation
= 1/3 0.0101010101[01]..2
= 1/5 0.001100110011[0011]..2

= 1/10 0.0001100110011[0011]..2

m Limitation #2
= Just one setting of binary point within the w bits
= Limited range of numbers (very small values? very large?)
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F R BHIR A

° Normal format GRAETER)

+/=1 >O0XXXXXXX X RExponent

° 32-bit FAEALEL

31 0
S| Exponent Significand
1 bit ? bits ? bits

S BFFS{L (Sign)
Exponent##5 (185) KRR
Significand F&7R X0OXXXXXXXXXXX, FEBHER5

(EAUR 2/14/8/16, HFEER, TEERET)

© BHRNTEN, SEEXHCHNEREEN
o) - %&SI%TT \Gi—= "5IE1'I'/ o) & ?
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Today: Floating Point

|IEEE floating point standard: Definition
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“Father” of the IEEE 754 standard

HEIB0FNH], BEMHRARHZERBRIBNERES—
EMEERRE, HFZETEZHER, HRRH

1970FRGHA, |EEER M ERSEHFHIEZ R BUIRE
19855 ST Rk Z M BUFRAE |IEEE 7549 E

This standard was primarily the work of one
person, UC Berkeley math professor William
Kahan.

1989
ACM Turing

Award Winner!
/= =\

www.cs.berkeley.edu/~wkahan/
leee754status/754story.html Prof. William Kahan
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IEEE Floating Point

m |[EEE Standard 754

= Established in 1985 as uniform standard for floating point arithmetic
= Before that, many idiosyncratic formats
= Supported by all major CPUs

= Some CPUs don’t implement IEEE 754 in full
e.g., early GPUs, Cell BE processor

m Driven by numerical concerns
= Nice standards for rounding, overflow, underflow
®" Hard to make fast in hardware

= Numerical analysts predominated over hardware designers
in defining standard
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Floating Point Representation

Example:
m Numerical Eorm: 15213,, =(-1)°x 1.1101101101101, x 213

(~1)s M 2E
= Sign bit s determines whether number is negative or positive

= Significand M normally a fractional value in range [1.0,2.0).
= Exponent E weights value by power of two

m Encoding
= MSB s is sign bit s
= exp field encodes E (but is not equal to E)
= frac field encodes M (but is not equal to M)

s |exp frac
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Precision options

m Single precision: 32 bits
~ 7 decimal digits, 10+38

s |exp frac

1 8-bits 23-bits

m Double precision: 64 bits
~ 16 decimal digits, 10%308

s |exp frac

1 11-bits 52-bits

m Other formats: half precision, quad precision
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Three “kinds” of floating point numbers

s |exp frac

1 e-bits f-bits

00...00 exp#Oandexp # I1...11 ... 11

denormalized normalized special
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“Normalized” Values v=(=l)pM?2

m When: exp # 000...0 and exp # 111...1

m Exponent coded as a biased value: E = exp — Bias
= exp: unsigned value of exp field
® Bjas = 2k1-1, where k is number of exponent bits
= Single precision: 127 (exp: 1...254, E: -126...127)
= Double precision: 1023 (exp: 1...2046, E: -1022...1023)

m Significand coded with implied leading 1: M = 1.xxx...x2
= xxX...X: bits of frac field
" Minimum when £rac=000...0 (M = 1.0)
" Maximum when frac=111..1 (M =2.0-¢)

= Get extra leading bit for “free”
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IEEE 754 H *ﬂi 'J\&:ﬁ\ﬁﬁlu%
” “17, AR RR.

HIRMEEL: +/-T1 DOXXXXX Xy X 2EXPONENt SEE . FBTESITFSE
Single Precision : = REERE!
S Exponent Significand
1 bit | 8 bits 23 bits
° Sign bit: 1 &7~negative ; 03X 7~ positive
° Exponent (5 / {8%0 £0f1e1 FRFTRFFHRE!

-SPHUKE AL B YL 3 FE 0000 0001 (-126) ~ 1111 1110 (127)
bias §127 (single), 1023 (double)

° Significand (BH0 :

c M BEERAE R, TUREERR, B4
1+ 23 bits ( single) , 1+ 52 bits (double)

SP: (-1)° x (1 + Significand) x 2(Exponent-127)
DP: (-1)° x (1 + Significand) x 2(Exponent-1023)
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Normalized Encoding Example v=(=1) M2t

E = exp — Bias

m Value: float F = 15213.0;
= 15213,, =11101101101101,
=1.1101101101101, x 213

m Significand

M = 1.1101101101101,

frac= 11011011011010000000000,
m Exponent

E = 13

Bias = 127

exp = 140 = 10001100,
m Result:

0(1100011004/11011011011010000000000

S exp frac
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Ex: Converting Binary FP to Decimal
BEEOOOOOH is the hex. Rep. Of an IEEE 754 SP FP number

1011 11101 110 0000 0000 0000 0000 0000

(-1)S x (1 + Significand) x 2(Exponent-127)
° Sign: 1 => negative

> Exponent:
« 0111 1101, = 125,
* Bias adjustment: 125 - 127 = -2
° Significand:
1+ 1x2-1+ 1x2-2 + 0x2-3 + 0x24 + 0x2-5 +...
=1+21+2-2=1+0.5 +0.25=1.75

° Represents: -1.75,,,x22 = - 0.4375



Ex: Converting Decimal to FP

-12.75

1. Denormalize: -12.75

2. Convert integer part:
12=8 +4 =1100,

3. Convert fractional part:
75=.5+.25= 11,

4. Put parts together and normalize:
1100.11 = 1.10011 x 23

5. Convert exponent: 127 +3=128 + 2 =1000 0010,

11000 0010 100 1100 0000 0000 0000 0000

The Hex rep. is C14C0000H



Normalized numbers GRA&ALED

= =

S

AU

HIE XS EE XTI AIELE (normalized form)
How about other patterns?
Exponent Significand Object
1-254 anything Norms
implicit leading 1
0 0 ?
0 nonzero ?
255 0 ?
255 nonzero ?
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= (_|)s M 2E

Denormalized Values v
E = 1-Bias

m Condition: exp = 000...0

m Exponent value: E =1 — Bias (instead of exp — Bias)
m Significand coded with implied leading 0: M = 0.xxx...x2

" wxx..x: bits of frac

m Cases
" exp=000.0, frac=000..0
= Represents zero value
= Note distinct values: +0 and =0 (KA A2 )
" exp=000.0, frac#000..0
= Numbers closest to 0.0

= Equispaced (1] geHIEUE AT S HiBzir0)
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Special Values

m Condition: exp=111.1

m Case:exp=111..1, frac=000..0

= Represents value o0 (infinity)

= QOperation that overflows

= Both positive and negative

= E.g.,1.0/0.0=-1.0/-0.0 = +o0, 1.0/-0.0 = -0

m Case:exp=111..1, frac #000..0
= Not-a-Number (NaN)
= Represents case when no numeric value can be determined
= E.g., sqrt(—1), oo — o0, 00 x 0
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Visualization: Floating Point Encodings

| —Normalized (~Denorm .+Denorm | +Normalized |
| | :

:
/l\ | |
NaN NaN
-0 +0
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C float Decoding Example V(M2

E = exp — Bias

float: 0xCOA00000 Bias = 21— 1 = 127

binary:

. . \
1 8-bits 23-bits N 6\“\.@(&‘\\
‘e@v 00 e\
F = 0 10 | 0000
1 [1 |0001
2 [ 2 | 0010
S = 3 |3 | 0011
2 |4 0100
5 |5 | 0101
M = 6 | 6 | 0110
7 | 7 | 0111
8 | 8 | 1000
9 | 9 | 1001
A |10 1010
B |1l [ I01L1
v=(-1)sM 2E = C [12[1100
D 13 T101
E |14 | 1110
F |15 1111
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C float Decoding Example V(M2

E = exp — Bias

float: 0xCOA00000

binary: 1100 0000 1010 0000 0000 0000 0000 0000

1|1000 0001 | O10 0000 O0OOO 0OOOO OOOO 0OOO

. . \
1 8-bits 23-bits N 6\“\.@(&‘\\
‘e@v 00 e\
E = 0 10 [0000
1 1 [0001
2 2 [0010
S = T HERE L
42 4 (0100
5 5 | 0101
M=1 6 | 6 | 0110
7 17 | 0111
8 |8 [ 1000
9 [ 9 | 1001
A [10 [ 1010
B [11 ] 1011
v=(-1)sM 2E = C [12[1100
D [13] 1101
E [14 ] 1110
F (15[ 1111
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C float Decoding Example V(M2

E = exp — Bias

float: 0xCOA00000 Bias = 21— 1 = 127

binary: 1100 0000 1010 0000 0000 0000 0000 0000

1{1000 0001 | O10 0000 OOOO 0OOOO OOOO 0OOO

_ . _ . \
1 8-bits 23-bits &

E=exp—-Bias=129-127 =2 (decimal)

S =1 -> negative number

M=1.010 0000 0000 0000 0000 0OOOO
=1 + 1/4 = 1.25

v=(-1)sM 2E = (-1)1 * 1.25 * 22= -5

o el L e e
olelmlolnl ol eS| o v s win| = o
=
o
[y
o

H(E|O QW oo doyu|s|lwh ko
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Today: Floating Point

Floating pointin C

Bryant and O’Hallaron, Computer Systems: A Programmer’s Perspective, Third Edition 27



Floating Point in C

m C Guarantees Two Levels
= float single precision
" double double precision

m Conversions/Casting
= Casting between int, float, and double changes bit representation
" Jouble/float > int
= Truncates fractional part
= Like rounding toward zero
= Not defined when out of range or NaN: Generally sets to TMin
" int -2 double
= Exact conversion, as long as int has <53 bit word size
"int 2 float
= Will round according to rounding mode
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Floating Point Puzzles
m For each of the following C expressions, either:

" Argue that it is true for all argument values
= Explain why not true

« x == (int) (float) x X

e x == (int) (double) x v 4

int x = _: « f == (float) (double) £ V4
float £ = _; « d == (double) (float) d X
£ V4

double d = ..: == —(-£);

Assume neither
d nor £ is NaN
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CIES HRF KB -32(iL

- CiESHABfloatfldouble3sBl, SRIRIMIEEE 7548F5EF <

HIRRAANEEZ=EEN

* long doubleXBRHKEFIfEU B4R iF=S I IR RBINA R
BERAR, 1A-32h280ui EEER

« NMintiEfloatly, Ae&Eint, (EnJseEHIEHEEAN

« Jintzf floatiitadoubleld, EJadoublefIBEMAIEES,
I P

- Mdoublei&ifiafloatflintld, wIgeLZEiEE, I, AFEX
(UEEL, HMOTEEIREEAN

 Mfloat skdoublei&iiAinthy, ERIinti@BIEIERS, FRLAEY

IERIEE S M075 ik E R
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HWMIE ; 64TL-16TL & N\ ik
HWPRIE 2 . R/ EAEIR



R RIBHEE

- 199656H4H, Ariana SKEHRENIT, ERFHUN37THHE
. RE T CITi8E, PARRRAIRIE, XEiLEBMES(ZETY
BIsPE.

o [RERER—64MUiZ iR 6 TSN, ~ET iR

5. mhBIERXEEIKIERE, XEUEFRAriana 4X65
FREgRZIRERSH 7518, EiZitAriana 4XEEXHRS, 121t
BIAKEEZRRASEL—116/AIEEL, (BERiTAriana 5
B, fileBERMCEXES, MEEEER T ERALIT.

« EAREHIERBEZAEIREN, FERRE—EATRHEERAE
ix, XMSRBNSHEREXREX, B, HFENEIEEIVU.
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FREHEEH

- 1991528250, @S&kFH, XEEMSHLAREEERSENEES
SER=EPISRY CBIESRRM, HfE CBEESRER T iMSIR R

EI—1REEE, FI7BREFESTUETSN28ETRE. RFE
RHTEREESH RGP —PMREFEIRIERKR, SHEXMRHFERA
REEZ RERIEER,

- ZEESHRFRE—TAENH, BITHEET, S8R0 1ITE—IX
ERRO0. 1R —P 24 ER ﬂ%JIJ\ﬁaxﬂéiuﬁﬁaﬁfﬁﬂauﬁwﬁumEl:t
[:18

0. 1" HHIRRE— M FTIRIEHFS]: 0.00011[0011]..., x=0.000
1100 1100 1100 1100 1100B, R, x20.189EMIRR, 0.1-x
= 0.000 1100 1100 1100 1100 1100 [1100]... -

0.000 1100 1100 1100 1100 1100B, BpJ5:

=0.000 0000 0000 0000 0000 0000 1100 [1100]...B
=2-20x0.1 ~ 9.54x10-8
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FREEEG

BiHEZEEESINERI=E CEESHEZh, EEEET(Fr100
MBS, KEBREREREALH2000K/F0, NMABAFHMIEREMNS
HRIERRERS?

100/Z\BHEY T+ T 100%x60%x60x10=36%105;%, ElinS3IERY
BB R(RET9.54%10-8x 36 x 105~0.343F)

FHit, IEEIRERE2000x0.343F) ~ 687K

NS R L, USHIAEEERM 7 XMIEHF1991F2A11 8 7 EE
EERZEETRIDAE (REHISE ) . eI nEmENERENEES R
RIMEAENERASR , IEXEFESEIANEFTAFE RS P HEEHE
EFEF—iR. 199152H16H , FliESHREEFEEFEEM 7 BRI | (BXPM =
LT CER SR ES RRI—XZISHEERPA.
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FREHEEH

- FHxHfloatBFa, NxAINZH=EZERMTA? 0.1 5xBIRERESV? EFRIE
100/ ERIRfMRERSZ ? £ CEIEEEH2000:K/FPHUBRT,
FRESRERS?

- 0.1=0.00011[0011]B=+1.1 0011 0011 0011 0011 0011 00Bx2-4, &
xB9#Nz2£8730 011 1101 1 100 1100 1100 1100 1100 1100

— FloatB{24(uBH s, FHENBMMSHEEE, Bx50.1ZERNRER:
|x-0.1]=0.000 0000 0000 0000 0000 0000 0000 1100 [1100]...B, X
MEFF2-24%0.1 ~ 5.96x10-9, 100/MBIEAI#H{RZES.96x10°%x36x105~
0.0215%), IEE{RZE0.0215x2000~43kK, [LEEEHESIEEFAFEMHLY164E,

« HHH32(uT#HEIESEIX=0.000 1100 1100 1100 1100 1100 1100
1101 B%R0.1, MiRELLAfloatRFREEKEREN?

— 4x=0.000 1100 1100 1100 1100 1100 1100 1101 BRY, 50.1Z[E@HNHS
E£47: |x-0.1]=0.000 0000 0000 0000 0000 0000 0000 0000 00
1100 [1100]...B, XMEZETF2-30%0.1 ~ 9.31x10-11, 100/MAFSHTEhRE
9.31x10-17x36x 105~ 0.000335%), FRMEIEE{RZ=(N/90.000335x2000

~067* 7 ' l / "
i e S0 ST ] 2 )l 0 ) |
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FREEEG

o MLIRERAILIG:
- FA32{UTERIEIERSRO0.1, LbRAfloatiEEm 0644

- FfloatRFETRERE LEIE, waciCitiiasEiRAa
EEE 75415=0iF s, ARABNFTEEE 754183\ HIZ0HHE
3k, #ERHAfloattbt EESHAN ZHHISHREEES

 Ariana 5X&iHIZEESHAGIFHRIYBT

v ERRMYYEENEE 2&%51 BRIRFIEEEFZIE

v HENHRE, SEE "E25E, X2TE" , EEAE
My, FBIRBRER

v AgeBRNEEBZRHEES, BEBRT (MSERE—IE

HEEFRLI—NMAENNIESE) , AN RENERE
HEEYTSHE, ARBBEIBMEERAEE NS
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Summary

m |[EEE Floating Point has clear mathematical properties
m Represents numbers of form M x 2F

m One can reason about operations independent of
implementation
= As if computed with perfect precision and then rounded
m Not the same as real arithmetic

= Violates associativity/distributivity
= Makes life difficult for compilers & serious numerical applications

programmers
Single precision: 32 bits
s |exp frac
1 8-bits 23-bits

Double precision: 64 bits

s |exp frac

1 11-bits 52-bits
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m 5> 2.47. 2.54
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